Abstract. In this work, we study the arithmetic nature of the numbers of the form n γ , for n ∈ N and γ ∈ C. We also consider a related conjecture and we show that it is a consequence of the unipresent Schanuel's conjecture.
Introduction
An arithmetic function is a complex-valued function whose domain is the set of natural numbers N. The set A of all arithmetic functions forms a ring with respect to addition (+) and Dirichlet's convolution ( * ), see [2] and [6] , where the Dirichlet's convolution of f, g ∈ A is defined by
A set of arithmetic functions f 1 , ..., f m is said to be * -algebraically independent over C if there exists no non-zero polynomial P with complex coefficients such that P (f 1 , ..., f m ) := where a (i) ∈ C and f * i = f * · · · * f (i times). Let γ be a complex number. The γ-th arithmetic zeta function is defined as ζ γ (n) = n γ Carlitz [1] showed that ζ 0 , ..., ζ r are * -algebraically independent over C. A generalization for Carlitz's result can be found in [5] . Our interest starts with the definition below Definition 1. Le f : D → C be a function, with D ∩ Q = ∅. We define the exceptional set of f to be
When f : C → C is an entire function, namely analytic in C, then any subset of Q is the exceptional set of uncountable many transcendental functions, see [4] . In this work, we study the possible exceptional sets of γ-th arithmetic zeta functions.
Algebraic values of ζ γ
We are interested in studying the set S ζγ = {α ∈ N | f (α) ∈ Q}. For convenience, we write S γ instead of S ζγ . First, we point to some simple facts:
• S γ = ∅, since 1 ∈ S γ ;
We have two possibilities: 2.1. The number γ is algebraic. For the rational case we use the following lemma
For the other case we recall a well-known result
We state our first result on the exceptional sets of ζ γ whose proof follows from the Lemma 1 and by Gelfond-Schneider theorem Proposition 1. Let γ be an algebraic number.
(
2.2.
The number γ is transcendental. For this case, we need recall some concepts Example 1. The set of all prime numbers is multiplicatively independent. Also any set algebraically independent is multiplicatively independent. Remark 1. The numbers x 1 , ..., x m are multiplicatively independent if, and only if log x 1 , ..., log x m are linearly independent over Q.
The next theorem is an important result on algebraic values of e t . On this subject, we recall the Lindemann's theorem: if t ∈ Q\{0}, then e t is transcendental. This important result is due to F. Lindemann and it solved the old greek problem of the quadrature of the circle: it is not possible using ruler and compass to draw a square and a circle having the same area. For the case t transcendental, not much is known. For instance, is e e a transcendental number? So far it is an open problem.
Theorem 2 (Six exponential). Let β 1 , β 2 be complex numbers, linearly independent over Q, and let z 1 , z 2 , z 3 be complex numbers, also linearly independent over Q. Then at least one of the numbers e β1z1 , e β1z2 , e β1z3 , e β2z1 , e β2z2 , e β2z3 is transcendental.
Now, we are able to state Proposition 2. Let γ be a transcendental number. Then any three numbers in S γ must be multiplicatively dependent.
Proof. Let n 1 , n 2 , n 3 be natural numbers multiplicatively independent, so log n 1 , log n 2 , log n 3 are linearly independent over Q. Also, 1, γ are linearly independent over Q. Therefore, by Theorem 2, there exists at least one transcendental number among e log n1 , e log n2 , e log n3 , e γ log n1 , e γ log n2 , e γ log n3 . Hence one of the numbers n . This simple example encourage us to making a related conjecture, which in particular implies that S log 3 log 2 = {1, 2, 4, 8, ...}.
When γ ∈ Q\Q, then B = 1. For the general case we have a hard problem, because until now we do not know the arithmetic nature of at least one of numbers of the form n π (surely for n = 1). So, it would be great to prove this conjecture, but unfortunately we do not prove it (yet). Instead of that, in next section we relate the unipresent Schanuel's conjecture with the conjecture above.
Schanuel's conjecture × Exceptional set of ζ γ
We recall the statement of Schanuel's conjecture which is one of the most oustanding problem in transcendental number theory. For facilitating our work, we denote #{x 1 , ..., x m } as the transcendence degree over Q of the field Q(x 1 , ..., x m ).
Conjecture 2 (Schanuel)
. Let x 1 , . . . , x n be Q-linearly independent complex numbers. Then #{x 1 , ..., x n , e x1 , ..., e xn } ≥ n Schanuel's conjecture implies many famous theorems and conjectures about transcendental numbers. For an interesting consequence see [3] . From now on, we use this conjecture to proving some interesting facts on the exceptional set of the functions ζ γ . Proposition 3. Suppose that Schanuel's conjecture is true. If n ≥ 2 and γ 1 , ..., γ k are algebraic numbers such that 1, γ 1 , ..., γ k are linearly independent over Q, then the numbers log n, ζ γ1 (n), ..., ζ γ k (n) are algebraically independent.
Proof. Since log n, γ 1 log n, ..., γ k log n are linearly independent over Q, then by Schanuel's conjecture #{log n, γ 1 log n, ..., γ k log n, n, ζ γ1 (n), ..., ζ γ k (n)} ≥ k + 1
However n, γ 1 , ..., γ k ∈ Q and then log n, ζ γ1 (n), ..., ζ γ k (n) must be algebraically independent.
Proposition 4. Suppose that Schanuel's conjecture is true. If γ / ∈ Q and n 1 , ..., n k ∈ N are multiplicatively independent, then
Proof. Since n 1 , ..., n k are multiplicatively independent, then log n 1 , ..., log n k are linearly independent over Q. Next, order the numbers log n 1 , ..., log n k in a such way that {log n 1 , ..., log n k , γ log n 1 , ..., γ log n t } is a basis of the vector space generated by {log n 1 , ..., log n k , γ log n 1 , ..., γ log n k } over Q. Since γ is a transcendental number, then there exists a transcendence basis {log n i1 , ..., log n is , γ} of Q(log n 1 , ..., log n k , γ)|Q. Therefore log n 1 , ..., log n k , γ log n i1 , ..., γ log n is are linearly independent over Q and then s ≤ t. On the other hand, it follows from Schanuel's conjecture that #{log n 1 , ..., log n k , γ log n 1 , ..., γ log n t , n 1 , ..., n k , n γ 1 , ..., n γ t } ≥ t + k So, #{log n 1 , ..., log n k , γ log n 1 , ..., γ log n k , n γ 1 , ..., n γ k } ≥ t + k. However #{log n 1 , ..., log n k , γ log n 1 , ..., γ log n k } = #{log n 1 , ..., log n k , γ} = s + 1
Considering that log n is a transcendental number for all n ≥ 2 (Lindemann's theorem) and using a similar argument to the one of the previous proof, we get another interesting result Proposition 5. Suppose that Schanuel's conjecture is true. If n ≥ 2 and γ 1 , ..., γ k are linearly independent, then
Now we prove that Conjecture 1 is also a consequence of the powerful Schanuel's conjecture Proposition 6. Schanuel's conjecture implies Conjecture 1.
Proof. If γ is algebraic, then B = 1. In the case γ / ∈ Q and S γ = {1}, we take B ∈ S γ in a such way that B 1/k / ∈ N for all n ≥ 2. For any n ∈ S γ the numbers B, n are multiplicatively dependent. In fact, on the contrary by Proposition 4 we would have #{ζ γ (B), ζ γ (n)} ≥ 1, so at least one of the numbers B, n would not be in S γ . Let a/b be a rational number with gcd(a, b) = 1 and such that n = B a/b . Therefore
Let γ be a non-rational complex number. We name exceptional representant of γ as the number B = B(γ) in Conjecture 1, if any. Assuming the truth of Schanuel's conjecture, we just proved the existence of exceptional representant for any nonrational complex number. It is easy see that if the exceptional representant of α and β are multiplicatively independent, then S α ∩ S β = {1}. We finish our work expliciting S γ for some well-known γ's.
Proposition 7. If Schanuel's conjecture is true, then the numbers ζ π (n), ζ e (n), ζ i (n) are algebraically independent over Q(e, π), for all n ≥ 2. In particular, S π = S i = S e = {1}.
Proof. If n ≥ 2, then iπ, log n are Q-linearly independent, so by Schanuel's conjecture #{iπ, log n, −1, n} ≥ 2. It follows that π, log n are algebraic independent. Thus iπ, log n, log π, log log n are Q-linearly independent. By Schanuel's conjecture #{iπ, log n, log π, log log n, −1, n, π, log n} ≥ 4 and then 1, iπ, log n, log π, log log n are Q-linearly independent. Again, by Schanuel's conjecture the numbers iπ, log n, log π, log log n are algebraically independent. Thus, for finishing, the numbers iπ, π log n, e log n, i log n, log π, log log n, 1, log π, log n are Q-linearly independent. By Schanuel's conjecture the numbers n π , n e , n i are algebraically independent over Q(e, π).
